Abstract. In this short note we study the questions of (non-)L-equivalence of algebraic varieties, in particular, for abelian varieties and K3 surfaces. We disprove the original ver- We deduce the statements on (non-)L-equivalence from the very general results on the Grothendieck group of an additive category, whose morphisms are finitely generated abelian groups. In particular, we show that in such a category each stable isomorphism class of objects contains only finitely many isomorphism classes. We also show that a stable isomorphism between two objects X and Y with End(X) = Z implies that X and Y are isomorphic.
Introduction
In this paper we consider the questions of L-equivalence of complex algebraic varieties, via integral Hodge realization. In particular, we disprove the original versions of conjectures of Huybrechts [9, We give examples of derived equivalent twisted K3 surfaces such that the underlying K3 surfaces are non-L-equivalent (Corollary 3.6, Proposition 3.8).
We also give counterexamples to Conjecture 1.1 (Theorem 3.1). The same examples were independently obtained in [12] .
Moreover, we show that both for abelian varieties and K3 surfaces there are only finitely many varieties in each L-equivalence class (Theorems 3.2, 3.4).
Our tool to distinguish L-equivalence classes is the integral Hodge realization. Namely, we use the homomorphism from K 0 (Var C )[L −1 ] to the Grothendieck group K add 0 (HS Z ) of the additive category of pure integral Hodge structures, see Section 3.
All the statements on non-L-equivalence are deduced from the general results on Grothendieck groups of additive categories whose morphisms are finitely generated abelian groups, see Section 2. In particular, we show that in such an additive category stable isomorphism between X and Y implies an isomorphism if End(X) = Z (Theorem 2.3). We also show that in each stable isomorphism class there are only finitely many isomorphism classes (Theorem 2.7). Our tools are elementary: reduction to Krull-Schmidt categories (by tensoring with F p ) and Jordan-Zassenhaus theorem for orders in finite-dimensional semi-simple Q -algebras.
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2. On the Grothendieck group of an additive category.
For an additive category B and an associative unital ring R, we denote by B R the tensor product B ⊗ Z R. This is an additive category with the same objects as B, and the morphisms are given by B R (X, Y ) = B(X, Y ) ⊗ Z R. The composition in B R is induced by the composition in B and the product in R.
We recall that an additive category B is called a Krull-Schmidt category if each object can be decomposed into a finite direct sum of objects having local endomorphism rings [1, 2, 3, 7, 13] . This in particular implies that any object X ∈ B can be decomposed into a finite direct sum of indecomposable objects, and the collection of indecomposable summands is determined uniquely up to isomorphism. If B is linear over a field, Karoubi complete, and has finite-dimensional morphism spaces, then B is a Krull-Schmidt category.
For any additive category B, we denote byB its Karoubi completion. We will need the following standard facts. Proposition 2.1. 1) For a small additive Krull-Schmidt category B, we have a natural
, where S is the set of isomorphism classes of indecomposable objects in B, and Z (S) denotes the free abelian group generated by S. In particular, for
2) For any small additive category B, the natural morphism 
, hence X and Y have the same class in K 0 (B).
From now on in this section we assume that A is a small additive category, such that the abelian groups of morphisms A(X, Y ) are finitely generated. By the above discussion, for any prime number p, the Karoubi completion A Fp is a Krull-Schmidt category.
Proof. Let us denote by I ⊂ End(X) the abelian subgroup generated by the compositions X → Y → X. Clearly, I is a two-sided ideal in End(X). It suffices to prove that I = End(X). Indeed, if this is the case, then for some n > 0 we can find the morphisms
Now assume the contrary: the inclusion I ⊂ End(X) is strict. Then we can find a prime number p such that p acts non-trivially on the quotient End(X)/I. Let us denote by pr : A → A Fp the natural functor. The compositions pr(X) → pr(Y ) → pr(X) generate the ideal I ′ ⊂ End(pr(X)), which equals Im(I ⊗ F p → End(X) ⊗ F p ). By our assumptions on p and I, the inclusion I ′ ⊂ End(pr(X)) is strict. In particular, the objects pr(X) and pr(Y ) are non-isomorphic. Since the Karoubi closure A Fp is Krull-Schmidt, we deduce
, which contradicts the equality
For an arbitrary ring R, we denote by K + (R) the monoid of isomorphism classes of finitely generated projective right R-modules. If R is noetherian, we denote by K ′ 0 (R) the Grothendieck group of the abelian category mod -R of finitely generated right Rmodules.
Theorem 2.3. Suppose that X ∈ A is an object such that the map
Proof. By Proposition 2.1 2), we may and will assume that A is Karoubi complete. Let us denote by add(X) ⊂ A the full subcategory consisting of direct summands of direct sums of copies of X. Also, we put R := End(X), and denote by Proj f.g. -R the category of finitely generated projective right R -modules. 
In this paper we apply Theorem 2.3 only to the cases when End(X) ∼ = Z.
We now turn to showing that each stable isomorphism class of objects in A contains only finitely many isomorphism classes. For any unital ring R, we denote by R × the group of invertible elements in R. Proof. First let us assume that A is semi-simple. Then A is isomorphic to the direct product of simple artinian rings (which are matrix algebras over skew-fields):
The ideal ker(ϕ) is isomorphic to a direct product of some of the A i 's:
A i is also semi-simple and we have a surjection
Now we consider the general case. Denote by J A ⊂ A, J B ⊂ B the Jacobson radicals.
Since J A consists of nilpotent elements and ϕ(J A ) ⊂ B is an ideal, we have ϕ(J A ) ⊆ J B .
On the other hand, since B/ϕ(J A ) is semi-simple (by the above discussion), we see that
Note that an element of A is invertible if and only if its image in A/J A is invertible.
Now take any x ∈ B × . We can choose some y ∈ A × such that ϕ(y) ∈ x + J B . Finally, we can choose some z ∈ J A such that ϕ(z) = x−ϕ(y). Then y +z ∈ A × and ϕ(y +z) = x.
This proves the lemma.
Lemma 2.5. Let f : R → S be a surjective homomorphism of unital rings such that (i) the ring R is a finitely generated abelian group;
(ii) the ideal I = ker(f ) is finite;
(iii) f : R → S is a split surjection in the category of abelian groups.
Then the induced group homomorphism f × : R × → S × is surjective.
Proof. We assume that I = 0, otherwise there is nothing to prove. Let us put N := |I|, so that N I = 0. Choosing a splitting which exists by (iii), we get an isomorphism of abelian groups R ∼ = I ⊕S. It induces an isomorphism R/N R ∼ = I ⊕S/N S. It follows that we have an isomorphism of rings R → R/N R × S/N S S. This in turn implies an isomorphism of groups
By (i), the ring R/N R is artinian. By Lemma 2.4, the group homomorphism (R/N R) × → (S/N S) × is surjective. Therefore, the homomorphism
For any ring A, we say that a right A -module is n -generated if it can be generated by n elements.
Proposition 2.6. Let A be a unital ring which is a finitely generated abelian group. Then for any n > 0 there are only finitely many isomorphism classes of n -generated right projective A -modules.
Proof. Replacing A by the matrix ring M n (A) (via Morita equivalence), we reduce to the case n = 1.
First we consider the case when A is torsion free over Z, so that A ⊂ A Q is an order. By Proposition 2.6, the number of isomorphism classes of retracts of Y n is finite for a given n. Thus, it suffices to find an upper bound for n.
Since X and Y become isomorphic in A Fp for all primes p, we have isomorphisms In particular, m does not depend on Y. The abelian group Hom A (X, Y ) is therefore m -generated as a right End A (X) -module. This proves the theorem.
L-equivalence of algebraic varieties
By the famous result of Looijenga and Bittner [15, 4] , there is an alternative description of For each integer n ∈ Z, we denote by HS Z,n the additive category of pure integral polarizable Hodge structures of weight n. We also denote by HS Z := n∈Z HS Z,n the additive category of graded pure polarizable Hodge structures. We denote by K add 0 (HS Z ) the Grothendieck group of the additive category HS Z . Of course, we have a direct sum
n ). We claim that there is a natural homomorphism of abelian groups Hdg
for a smooth projective X. Indeed, within the above notation for X, Y, Z and E, we have natural isomorphisms of graded pure Hodge structures
and
where c = codim Y Z (see [16] ). Hence, Hdg
which means that the homomorphism Hdg Z is well-defined.
Next, we observe that for a smooth projective X we have Hdg
. Since the Tate twist −(−1) is an auto-equivalence of HS Z , we can factor the homomorphism Hdg
We now use the resulting homomorphism 
1) for any abelian variety
A ′ such that [H 1 (A)] = [H 1 (A ′ )] in K add 0 (HS Z,1 ) we have A ∼ = A ′ .
2) for any abelian variety
In particular, D-equivalence does not imply L-equivalence.
Proof. We observe that End HS Z,1 (H 1 (A)) = End(A) op = Z. Hence, part 1) follows directly from Theorem 2.3.
Part 2) follows from part 1) by applying the composition
Theorem 3.2. There are only finitely many abelian varieties in each L-equivalence class.
Proof. This follows immediately from the homomorphism (3.1) and Theorem 2.7, since an abelian variety is reconstructed from the integral Hodge structure on H 1 .
We now consider K3 surfaces.
For a K3 surface X, we denote by T (X) ⊂ H 2 (X, Z) the integral Hodge substructure of transcendental cycles. The sublattice T (X) ⊕ N S(X) ⊂ H 2 (X, Z) has finite index, say D, which is also equal to the determinant of the restriction of the intersection form to T (X).
Proposition 3.3. Given a K3 surface X, there are only finitely many isomorphism classes of K3 surfaces X ′ such that the Hodge structures H 2 (X, Z) and H 2 (X ′ , Z) are isomorphic (but not necessarily isometric).
Proof. An isomorphism of Hodge structures H 2 (X, Z)
, and an isomorphism of Hodge structures T (X) and T (X ′ ). In particular, the intersection forms restricted to T (X) and
Let us put R := End HS Z,2 (T (X)), and G := R × = Aut HS Z,2 (T (X)). By [17, Theorem with determinant D (the pairing is required to be a morphism in HS Z,4 ).
By Zarhin's theorem [20] , the Q -algebra R Q is either a totally real number field F, or an imaginary quadratic extension E of a totally real number field, which we also denote by F. In both cases the complex conjugation gives a well-defined involution σ : R Q → R Q , which restricts to an involution on R. We put R ′ := R σ = R ∩ F. For any a ∈ R Q , and
x, y ∈ T (X), we have a(x), y = x, σ(a)(y) , where , denotes the intersection form. Finally, we show that there are derived equivalent twisted K3 surfaces such that the underlying K3 surfaces are not L-equivalent. Recall that for a smooth complex projective variety X its Brauer group Br(X) is the torsion part of H 2 an (X, O × X ). For any element α ∈ Br(X) we denote by Coh(X, α) the abelian category of α -twisted coherent sheaves [6] , and by D b (X, α) its derived category. By definition, a twisted K3 surface is a pair (X, α), where X is a K3 surface, and α ∈ Br(X) is an element. In particular, for any K3 surface X we have a twisted K3 surface (X, 1). 
. Since S and S ′ are not L-equivalent, we have that for some i ∈ {0, 1 . . . , n − 1}, S i and S i+1 are not L-equivalent. This proves the assertion.
For completeness we also present more explicitly a large class of examples of non-Lequivalence for twisted derived equivalent K3 surfaces. Recall that for any K3 surface X we have a natural isomorphism of abelian groups Br(X) ∼ = Hom Z (T (X), Q/Z), see e.g.
[19, Section 4.1]. In particular, the elements of order n in Br(X) correspond to surjective homomorphisms T (X) → Z/nZ. Proof. Existence of Z with required derived equivalence follows from [11, Proposition 7.3] . By the construction in loc. cit. and by [10, Proposition 4.7] , we have an isomorphism of integral Hodge structures T (Z) ∼ = T (X, α), where T (X, α) = ker(α : T (X) → Z/nZ), and n > 1 is the order of α. By our assumption on the endomorphisms of T (X) (and since rk Z T (X) ≥ 2 ), the integral Hodge structures T (X) and T (Z) are non-isomorphic. Hence, by Lemma 3.7 X and Z are not L-equivalent. In particular, all our statements concerning (non-)L-equivalence are also valid in such further localizations.
